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Abstract. Planar quantum squeezed states, i.e. quantum states which are squeezed in two 
orthogonal components on a plane, have recently attracted attention due to their applications in 
atomic interferometry and quantum information PUG]. Unlike the quadratures of the radiation 
field which are inherently transverse, simultaneous squeezing in two orthogonal spin components 
can be achieved due to the fact that angular momentum belongs to SU(2,3) group, a feature 
which can be exploited to tailor the corresponding commutator between two such operators, and 
reduce orthogonal variances simultaneously. In this paper, we present a novel scheme for planar 
quantum squeezing via quantum non-demolition (QND) measurements in spin-1 systems [3]. 
The QND measurement is achieved via paramagnetic Faraday rotation on off-resonant probe 
light, and the planar quantum squeezing is obtained with the aid of an external magnetic field 
which introduces a Larmor precession on the plane where squeezing takes place. We show that 
planar quantum squeezed states can be used to reconstruct an arbitrary quantum parameter, 
such as a phase, without any prior information, and could therefore find relevant applications in 
single-shot atomic magnetometry where temporal fluctuation can prevent the implementation 
of iterative procedures. 



1. Introduction 

Quantum squeezing, the reduction of uncertainty in quantum observables below "classical" 
or standard quantum limits, is an area of active research with applications in quantum 
information processing, quantum communications, and quantum metrology. Here we consider 
a practical, measurement-based strategy to produce a new kind of squeezing in atomic spin 
ensembles. By way of introduction, we note that a spin F obeys the spin uncertainty relations 
AF Z AF X > ^\(F y ) \ and permutations, which are distinctly different from the Heisenberg relation 
AXAP > \ that governs canonical variables X, P [3]. For canonical variables, the constant RHS 
of the Heisenberg relation implies that reduction of the variance in one quadrature inevitably 
increases the variance of the other. In contrast, in spin systems the RHS of the uncertainty 
relation may vanish, e.g. if {F y ) = 0, with the consequence that two spin components, e.g. 
F z and F x , may be simultaneously squeezed, with the uncertainty being absorbed by the third 
component. An analogous situation involving the Stokes parameters of light, which themselves 
obey angular momentum commutation relations, has also been studied [21 E]- For atomic spin 



ensembles, the suggestion of "intelligent" spin states [7] predates even the concept of optical 
squeezing, and "planar quantum squeezed states" (PQS) have been explored in depth [HI2]- 




Figure 1. Illustration of spin variances for: a) an unsqueezed state with SQL variances A 2 Fi 
for all components i G {x,y,z}, b), b') a state with squeezed azimuthal component. For 
measurements of Fz, this squeezing is advantageous only for certain precession angles, as in 
b), but disadvantageous for others, as in b'). c), c') a planar squeezed state with both variances 
A 2 F X and A 2 F Z reduced below the SQL is advantageous at all angles. 

As described in [IJ[2], planar quantum squeezing (PQS) has the prospect of improving the 
precision of atomic interferometers at arbitrary phase angles, as it requires both orthogonal vari- 
ances to be below the shot-noise level and with the same scaling. This is opposed to squeezing 
on a single direction, which can only be applied to determine a particular phase angle, known 
a priori (see Fig. 1). In addition, PQS states reduce phase noise everywhere on a plane in 
a single shot, and can therefore be employed in cases where iterative approaches are not ap- 
plicable. Thus they have promising applications in high-bandwidth atomic magnetometry. In 
particular, PQS can also be of interest in situations when the phase is not known to a good 
approximation or when such phase does not remain constant during repeated measurements, 
as it requires a minimal number of measurements. Such measurement strategies are radically 
different from those employing multiple sequential measurements, which inherently assume that 
the phase-shift is a time-invariant, classical parameter. 

He et al. [I] proposed an implementation of PQS using a two-well Bose condensate with 
tunable and attractive interactions. Here, we propose an alternative system which can provide 
PQS, and which has potential applications in high bandwidth atomic magnetometry on a plane, 
without the need for prior information, and which can be employed even in the presence of 
temporal fluctuations, where iterative approaches are not applicable. In this approach, the PQS 
state is prepared by stroboscopic probing a polarized ensemble of cold 87 Rb atoms, with the 
aid of a constant external magnetic field which provides the planar Larmor precession required 
in order to squeeze two orthogonal components by sequential measurements. We work with the 
extended collective angular momentum variable F for spin-1 systems. The collective atomic spin 
is measured using paramagnetic Faraday rotation with an off-resonant probe. The ensemble of 



spins, polarized along a fixed direction by optical pumping, interacts with an optical pulse of 
duration r and polarization described by the Stokes vector S = (S x , S y , S z ), through an effective 
Hamiltonian. 

The article is structured as follows: First, in Section II, we present the basic formalism 
for light-atom interactions in polarized atomic ensembles. Second, in Section III, we report 
numerical evidence of PQS in our system. Next, in Section IV, we provide an example for the 
applications of these ideas in high bandwidth (single shot) atomic magnetometry. Finally, in 
Section V we present our conclusions. 

2. Atom-light Interaction 

Our modeling is based on covariance matrix techniques introduced by Madsen and M0lmer 
[U|9], extended to include inhomogeneities by Koschorreck et al. [TO], and to spin-1 atoms by 
Colangelo et al. [3]. In brief, we consider a magnetic field B of unknown magnitude oriented 
along the y axis, in interaction with a spin-1 ensemble, e.g. 87 Rb in the F = 1 ground state, and 
probed using Faraday rotation probing by near-resonant light pulses. The ensemble is described 
by collective spin observables, for example F x = Y2if% > where fx indicates the x-component 
of the spin of the i'th atom. We include in the analysis both spin orientation F x , F y , F z , and also 
other spin variables J x , J y , J k , Ji, J m defined in terms of f y , f z , j x = f x - f y , j y = f x f y + f y f x , 
3k = 3k = fxfz + fzfx Ji = fyfz + fzfy jm = -^( 2 fz ~ fx ~ fy)> respectively. The optical 
pulses are described in terms of Stokes operator components S x , S y , S z , defined as: 

S x = ^aV^a S y = ^ayk S z = -a^a. (1) 

Where a = (a + , a_) T and d+, a_ are the annihilation operators for the left and right circular 
polarization and a x , a y , a z the Pauli matrices. The S x , S y and S z Stokes operators represent 
polarized light in the horizontal or vertical direction, polarized light in the ±45° direction, and 
right hand or left hand circularly polarized light, respectively. As mentioned, they obey the 
same commutation relations as angular momentum operators. 

We compute the evolution of the phase-space vector 

v = [F x , F y , . . . , J m , S x , S y , S z ] (2) 

and the covariance matrix 

7 = ^(v« v+ (v® v) T ) - (v) ® (v), (3) 

which together provide a full description of the state. The components of the phase-space vector 
and covariance matrix have initial values computable from the initial atom- light state, typically 
given by a collective atomic spin fully polarized along the direction of the F x component, and 
probe light linearly polarized along the Stokes vector component S x . The phase-space vector 
evolves as 

v(t + r) = T T v(t) (4) 
where T r accounts for coherent evolution under the interaction Hamiltonian 

T# cff = T^By ■ Fy + dS.F, + G 2 (S X J X + Syjy) (5) 



and loss of amplitude (damping) due to decoherence and dephasing, caused by incoherent 
scattering of probe photons and inhomogeneous magnetic fields, respectively [TU]. The covariance 
matrix evolves as 

7 (t + r) = T t7 (*)T* + N T . (6) 

where N T is a noise matrix which describes the noise associated with damping processes \10\ [3] , 
and we have taken h = 1 for simplicity. 

The details of the covariance matrix formalism for quantum non-demolition (QND) 
measurements in cold atomic ensembles for spin F = 1 systems, in the presence of an external 
B-field, are detailed in Ref. [3]. Here we limit to mention that in the presence of a dynamical 
decoupling scheme it is possible to eliminate the tensorial G2 component in H e g and achieve a 
truly QND measurement via Faraday rotation of the probing light. In this case, by reducing the 
variance in the light pulses via a precise measurement of the Stokes operator S y it is possible 
to squeeze (or reduce the variance) on the spin atomic component F z in a QND fashion, due to 
the vectorial coupling term G\ in H e g. In addition, by measuring at time intervals given by a 
quarter of the Larmor period, it is possible to squeeze the orthogonal atomic component F x , due 
to the external magnetic field B y which introduces a Larmor precession on the (x, z)-pane. In 
the next section, we present numerical results based on such formalism for the realization of 
planar quantum squeezing in the system. 



3. Numerical Results 

In this Section, we present numerical results validating the use of QND measurements in 
cold atomic ensembles for conditional preparation of planar quantum squeezed states. The 
operational definition we adopt for planar quantum squeezing follows the approach by He et at 
[H [2], and can be summarized as follows. We require that the normalized sum of the variances 
on a plane should be below the Standard Quantum Limit (SQL). For the case of spin-1 (F = 1) 
systems, this reads: 



AFm JAF% + AFf 

< = — < 1. (7) 

(1*1) (1^1) [> 

In addition to this, we require that the individual uncertainties should be below the SQL 
AF X < (\F\), and AF 2 < (|F|). In order to achieve such kind of state, the angular mo- 
mentum component in the direction perpendicular to the plane should be zero ({F y ) = 0) so 
that the uncertainties on the plane are uncorrelated AF X AF Z > 0. Furthermore, we require 
the mean value of the angular momentum on the plane to be large so that we can reduce the 
uncertainty in two components, at the expenses of increasing the noise in the third component, 
i.e., AF z{x) AF y > 

We performed numerical simulations for stroboscopic probing [3j,[10|, in a cold atomic ensem- 
ble containing N a t = 10 6 87 Rb atoms with coupling parameter G\ = 0.5 x corresponding 
to a detuning in the off- resonant probe given by A = — 2tt x 2 GHz. The atomic ensemble 
is initially polarized in the x-direction with 99.9 % Fidelity, and technical noise due to atom 
number fluctuations given by AN = 0.0007. The initial collective atomic spin mean values are 
(F x ) t =o = N a t, {F y )t=o = 0, and (F z ) t =o = 0. Additionally, we introduced an external magnetic 
field By = 20.042 mG, which sets a Larmor precession in the (x, z)-plane, with a characteristic 
period of l ~ 71 /us. We chose this magnitude for B y as an upper limit, in order to allow sufficient 
time within a Larmor cycle for stroboscopic probing. The experimental scheme is illustrated in 
Fig. 2, and was described in detail in Ref. |14j . The atomic ensemble was probed at four 
locations during the Larmor cycle by a single off-resonant optical pulse at each location. The 



atomic cloud was left free to precess at time intervals given by Tl/A in order to probe the col- 
lective atomic spin sequentially on a plane (F Z ,F X , —F z , —F x ), as required for planar quantum 
squeezing. The length of optical pulses in the sequences was r = 1/xs, and each pulse contained 
0.5 x 10 8 photons. The optimal number of photons on each individual pulse was obtained as 
a trade-off between maximal squeezing and minimum loss of atomic polarization due to optical 
scattering. We note that in article we did not consider a dynamical decoupling scheme, though 
further squeezing could in principle be achieved by using a dynamical decoupling approach [12] . 




probe 



Figure 2. Experimental scheme for planar quantum squeezing via quantum non-demolition 
measurements. The atomic ensemble is initially polarized along the x-direction, and precesses 
in the (x, z)-plane due to an external field B y which introduces a Larmor rotation. Planar 
quantum squeezing is obtained by measuring the Faraday rotation of the Stokes components in 
the off-resonant probe light at four different spatial locations during the Larmor precession cycle 
d 

The numerical results are shown in Fig. 3 to Fig. 5. In Figure 3, black curve corresponds to 
{F x ), blue curve corresponds to (F z ), and red curve is (F y ). The ensemble of atoms is initially 
polarized in x-direction, and precesses in the (x, z)-plane due to the B-Field at the Larmor 
frequency. The mean value in the direction perpendicular to the plane (red curve) is always ap- 
proximately zero, i.e., (F y ) « 0, as required for planar quantum squeezing (i.e. AF X AF Z > 0). 
This allows for the variances in the (a;, z) plane to be independently reduced. The deviations from 
[F y ) = are due to the tensorial coupling term in the effective Hamiltonian G2(S X J X + S y J y ), 
and could be removed via dynamical decoupling |12j . 

Next, we evaluated the normalized variances of the collective angular spin components after 
sequential stroboscopic probing on a plane. This is shown in Fig. 4. We note that the individ- 
ual normalized variances on the (x, z)-plane, corresponding to blue curve and black curve are 
initially equal to unity due quantum and technical noise. They oscillate as a consequence of the 
Larmor precession, and are sequentially reduced due to the stroboscopic probing, as indicated by 
the discontinuous jumps in A 2 F y (red curve). On the other hand, the variance in the orthogonal 
direction A 2 F y is sequentially increased well above the SQL (dashed cyan line), as expected 
for a planar quantum squeezed (PQS) state. The ideal planar quantum squeezed state, for the 
system parameters chosen, is achieved at approximately 500 [is. 

AFu 

Figure 5 shows the normalized planar squeezing parameter ^pjy- It is seen that for times 
longer than 200^s, this parameter is always bellow the unit SQL, and is sequentially reduced to 
less than Tjpjy < 0.8, with each individual components squeezed to T^Sy « ~ 0.5 which con- 
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Figure 3. Normalized mean values of collective atomic angular momenta. Blue curve (F z ), 
black curve {F x ), and red curve (F y ). The mean value in the direction orthogonal to the plane 
of precession remains always approximately to zero (F y ) ~ 0, as required for planar quantum 
squeezing. 




time (/js) 

Figure 4. Normalized variance of collective atomic spins. Blue curve j^j, black curve jjj^, and 
red curve ttw- At all times the variances on the (x,z)-plane are below the standard quantum 
limit (SQL=1) indicated by the dashed line, and are decreased at the expense of increasing noise 
in the orthogonal direction (red curve). The discontinuities in AF y correspond to stroboscopic 
probings. Maximal planar quantum squeezing is achieved at approximately 500^/s. 

firms the presence of planar quantum squeezing in the system. Inset in Fig. 5 shows a reduction 
by 40% in the normalization factor \F\ due to optical scattering during the probing sequence, 
which in turns limits the maximal planar squeezing that can be obtained. 



3.1. Limits on planar quantum squeezing due to optical scattering 

In the absence of optical scattering and spontaneous emission the squeezing that can be obtained 
by QND measurements is of order £ = 1/(1 + k), where k oc G\ is the atom-light coupling pa- 
rameter. The quantum uncertainty after squeezing can be expressed as AF = £ x N a t/2, where 
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Figure 5. Normalized planar squeezing parameter TrWy- For times longer than 200 /is the 
planar uncertainty remains below the standard quantum limit (SQL=1), as indicated by the 
dashed line, and is reduced sequentially due to stroboscopic probing. Maximal planar quantum 
squeezing is achieved at approximately 500 fis and is reduced at longer times due to loss of 
atomic polarization by optical scattering. Inset shows the normalization factor \F\, which is 
reduced by 40 % during the total measurement time. 

N a t/2 is the nominal uncertainty for a coherent state in a spin-1 system. This would suggest that 
infinite squeezing can in principle be achieved from Kerr interaction. However, there are severe 
limitations on the amount of squeezing that can be achieved due to spontaneous emission. In 
fact, the coupling parameter n can also be expressed as n = at], where a is the atomic ensemble 
optical column density, and r\ « 1 is the spontaneous emission rate. A crude estimate for the 
squeezing parameter in the presence of optical scattering can be expressed by £ = l/(l+ar]) + 2rj, 
and it is minimum for an optimal spontaneous decay probability r]Q = \j\f2a. For a typical 
system with optical density a. ~ 25 this optimal value gives an lower bound on the amount of 
squeezing given by roughly £ min « 0.5 (3dB of noise reduction) [T5] . 

A similar argument can be employed to determine a lower bound on the squeezing parameter 
that can be achieved for planar quantum squeezing via QND measurements. Following the 
definition of AF\\ = y/AF% + AFf, we can define a similar expression for the planar squeezing 
parameter £|| in terms of the individual squeezing parameters (, x ,z, in the following form: 

en = Ve+e z , (8) 

where £ x = 1/(1 + a x i]) + %V and £ 2 = 1/(1 + a z rj) + 2rj. Assuming the same optical depth 
in both directions a x = a z = 25, we can estimate the minimum planar squeezing parameter to 
be £™ m ~ 0.711 (roughly 2 dB of noise reduction). In general, the planar squeezing parameter 

results larger than the squeezing parameter in a single direction by roughly a factor of v2 for 
the case of symmetrical optical column densities. If the optical depths in each direction in the 
plane are different, the planar squeezing parameter will change. In particular, in order to achieve 
£|| < 1 it is required sufficient a optical depth in both directions, and both a x and a y should be 
above 10 for the case of symmetric densities. This is depicted in Figure 6, for experimentally 
feasible values for the optical depths < a X)Z < 100. 



Planar squeezing parameter 




Figure 6. Planar squeezing parameter ^ in terms of optical depths (a XtZ ). Both a x and 
a z should be above 10 in order to achieve a planar squeezing parameter below the standard 
quantum limit £|| < 1. 

3.2. Optimal measurement strategy in the presence of noise 

The optimal measurement strategy will depend in general on the amount of initial quantum and 
technical noise in the angular momentum components var(Fj(i = 0)), with i = (x,z). If the 
initial noise in one component is sufficiently low (i.e., below the SQL), then it seems enough to 
squeeze the remaining component by probing in a single direction. However, in a more realistic 
scenario the initial noise can be arbitrarily large in either component, such as for a coherent 
state, in which case it is required to probe two orthogonal directions on a plane in order to obtain 
a planar quantum squeezing parameter below the SQL (A-Fji/d-Fl) < 1), such situation corre- 
sponds to actual PQS. This is clearly shown in Figure 7. We performed simulations considering 
initial quantum noise corresponding to a polarized initial state with different Fidelities, and dif- 
ferent amounts of initial random technical noise. Black curve corresponds to AiV ~ 0.0001, blue 
curve corresponds to AiV ~ 0.0004, red curve corresponds to AiV ~ 0.0007, and green curve 
AiV ~ 0.001. The inset depicts the measurement strategy, given by probing a single component 
(F z , —F z ) at interval times given by half of the Larmor period (Tl/2) (dashed lines), or prob- 
ing two orthogonal components (F Z ,F X , —F z , —F x ) at interval times given by a quarter of such 
period (Il/4) (solid lines). As expected, in the presence of initial quantum and technical noise 
above the SQL (blue, red and green curves), larger planar quantum squeezing can be achieved 
by probing the system sequencially on a plane. 



4. Applications: Atomic magnetometry 

Experimentally determined phase-shifts are never truly classical, nor time-invariant [2]. Phases 
often vary with time, and can not always avoid measurement back action, a limitation that can 
rule out the possibility of iterative techniques. The physical reason for this is that phase-shifts 
are related to energy-shifts terms in the radiation field Hamiltonian f 16] , a feature which has 
dynamical consequences. 

In this Section, we describe a particular application of planar quantum squeezing (PQS) in 
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Figure 7. Normalized planar quantum squeezing parameter Ai*j|/(|.F|) for different amounts of 
initial quantum and technical noise, and for two different measurement strategies. Dashed lines 
corresponds to stroboscopic probing on a single direction (F z , —F z ), and solid lines corresponds 
to stroboscopic measurement on a plane (F z , F x , —F z , —F x ), as illustrated at the inset. Black, 
blue, red, and green curves correspond to AN = 0.0001, AiV = 0.0004, AN = 0.0007, and 
AiV = 0.001. As expected, for a sufficient amount of initial noise (blue, red and green curves) 
a larger amount of planar quantum squeezing (AFii/(|F|) < 1) can be achieved by stroboscopic 
probing on a plane (solid lines). 



atomic magnetometry, for determination of arbitrary quantum phase parameters below the SQL, 
without the need for prior information or without the requirement of linearized fluctuations. 
PQS states can be used to determine an almost arbitrary phase angle <f>, within a finite interval 
along the precession of the collective atomic magnetic moment F. The precession of this vector is 
determined by a phase <j) = coit, where ul is the Larmor frequency, which in turn is proportional 
to the external magnetic field B ex t applied on the system, so a high precision in the estimation 
of parameter <p can be mapped onto precision magnetometry. For an external field along the 
y-direction B y , we expect a precession of the collective atomic spin on the (x,z) plane. The 
rotation of the collective spin on the plane can be written as: 



obtain: 



F((/)) = F xC os^) + F z sm((f>). (9) 

\dF{<j>)/d<t>\ 



We can calculate the parameter uncertainty via A(f> = uwj\/'tl ] • By differentiating F(<p) we 



9 |F,cos(<A)-F x sin(^)|' {U) 

where A 2 F(4>) = A 2 F X cos(0) 2 + A 2 F Z sin(0) 2 + [cov^, F z ) + cov(F 2 , F x )\ sin(</>) cos(0). Here 
cov(i ? j, Fj) stands for the covariance of the operators, i.e. {F{Fj) — (Fi)(Fj). If we work in the 
basis where cov(F x , F z ) = cov(F z , F x ) = (this is in principle always possible), we can write 
A 2 F((p) = A 2 F X cos(</>) 2 + A 2 .F 2 sin((/>) 2 . We can now set a bound on A 2 F((ft) in terms of planar 
squeezing such that: 



A 2 F(ct>) = A 2 F X cos(c/>) 2 + A 2 F Z sin(0) 2 < A 2 F|,, 



(11) 




Figure 8. Parameter uncertainty (A</>) below the standard quantum limit Acj) < 1/yN = 0.001 
for planar quantum squeezed state with different levels of initial quantum noise. Fig. 8 (a) 
considering F x = F z , and Fig 8 (b) considering F z = 0. Black, blue, red, magenta and green 
curves correspond to planar squeezed variances given by A 2 F = 0.01 x N a t/2, A 2 F = 0.1xN a t/2, 
A 2 F = 0.25 x N at /2, A 2 F = 0.1 x N at /2, and A 2 F = 0.5 x N at /2, respectively. For a realistic 
PQS state obtained via QND measurement, with A 2 F = 0.25 x N a t/4 (magenta curve), it is 
possible to reconstruct an arbitrary parameter in the interval (ft G [— 7r/4, 0.6) U (1.2, tt] for case 
(a), or an arbitrary parameter in the interval <f> G [— 7r/4, —0.2) U (0.3, n] for case (b). 



therefore obtaining an upper bound to the quantum noise present in the magnetometer given 
by the planar variance A 2 F||, thus confirming that PQS states are optimal for quantum-phase 
estimation as they reduce the variance on a plane. We note that planar quantum squeezed states 
give the lowest planar variance for arbitrary angles on a finite interval, with the exception of the 



specific singular values which make the denominator in Eq. (10) equal to zero. This feature is 
depicted in Fig. 8 and Fig. 9. 



Figure 8 shows the phase parameter uncertainty A(f) below the SQL (A(f> < 1/yN = 0.001) 



for a PQS state as given in Eq. 10 for different values of the collective atomic spin com- 
ponents F XjZ , respectively. Fig 8 (a) corresponds to F x = F y and Fig. 8 (b) corresponds 
to F z = 0. Black, blue, red, magenta and green curves correspond to planar squeezed 
variances given by A 2 F = 0.01 x N at /2, A 2 F = 0.1 x N at /2, A 2 F = 0.25 x N at /2, and 
A 2 F = 0.5 x N a t/2, respectively. For a realistic PQS state obtained via QND measurements 
with A 2 F = 0.25 x N a t/2 (magenta curve), it is possible to reconstruct an arbitrary parameter 
in the interval (a) G [-vr/4, 0.6) U (1.2, vr], (b) (j) G [-vr/4, -0.2) U (0.3, vr], with precision below 
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Figure 9. Comparison of parameter uncertainty (A<p) below SQL A(f> < 1/viV = 0.001 for a 
planar quantum squeezed state (solid line), squeezed state in a single component (dashed line), 
and coherent state (dashed-dotted line) . Fig. 9 (a) considering atomic collective spins F x = F z , 
and (b) considering F z = 0. For the planar quantum squeezed state the variances are given by 
A 2 F X = A 2 F Z = 0.25 x N at /2, for the state squeezed on a single component A 2 F X = 0.25 x N at /2 
and AF Z = N at /2, and for the coherent state we have A 2 F X = A 2 F Z = N at /2. (a) Planar 
quantum squeezed states allow for parameter estimation below the SQL at larger intervals than 
coherent states, or states squeezed on a single component, (b) For the case F x = or F z = 
the estimation interval for a planar quantum squeezed state is roughly comparable (and slightly 
higher) to the one given by a state squeezed by the same amount on a single component, as 
expected. This shows that for a given amount of squeezing, planar quantum squeezed states are 
optimal for parameter reconstruction at finite intervals. 



the SQL. 

Next, Figure 9 shows a comparison of the phase parameter uncertainty A<p below the SQL 
(A(f> < 1/s/N = 0.001) for a PQS state (solid line), a squeezed state on a single component 
(dashed line), and a coherent state (dashed-dotted line), for different values of the collective 
atomic spin components F x z , respectively. Fig. 9 (a) corresponds to F x = F z , and Fig. 9 
(b) corresponds to F z = 0. For the planar quantum squeezed state the variances are given by 
A 2 F X = A 2 F Z = 0.25 x N at /2, for the state squeezed on a single component A 2 F X = 0.25 x N at /2 
and AF Z = N at /2, and for the coherent state we set A 2 F X = A 2 F Z = N at /2. In Fig. 9 (a) we 
see that planar quantum squeezed states (solid line) allow for parameter estimation below the 
SQL at broader intervals than coherent states, or states squeezed on a single component. Fig. 



9 (b), in the case F x = or F z = the estimation interval for a planar quantum squeezed state 
is roughly comparable (and slightly higher) than the one given by a state squeezed by the same 
amount but on a single component, as expected, for a non-vanishing squeezed component. This 
shows that for a given amount of squeezing, planar quantum squeezed states are optimal for 
reconstructions of arbitrary parameters with no a priori information. 



5. Conclusions 

To conclude, we have demonstrated that a novel kind of planar quantum squeezed (PQS) 
state, which squeezes the variances on two orthogonal spin components, can be prepared in 
cold atomic ensembles, via quantum non-demolition (QND) measurements. This is possible due 
to the fact that angular momentum belongs to SU(2,3) group which contains at least three 
orthogonal spin components, unlike EM-field quadratures which are inherently transverse, and 
whose commutator is a constant [1]. Such PQS states have important applications in the deter- 
mination of arbitrary quantum phases below the standard quantum limit (SQL), in a single shot, 
and are therefore promising candidates for high-bandwidth atomic magnetometry in cases where 
iterative approaches are not applicable due to dynamical fluctuations. Experimental demonstra- 
tions of such atomic PQS states are currently under progress. 
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